We present two class number formulas associated to orders in totally definite quaternion algebras in the spirit of the Eichler class number formula. More precisely, let F be a totally real number field, D be a totally definite quaternion F -algebra, and O an O F -order in D. We derive explicit formulas for the following two class numbers associated to O: (1) the class number of the reduced norm one group with respect to O, namely, the cardinality of the double coset space
Introduction
Let F be a totally real field, and D be a totally definite quaternion F -algebra, that is, D ⊗ F,σ R is isomorphic to the Hamilton quaternion algebra H for every embedding σ : F ֒→ R. The algebra D admits a canonical involution α →ᾱ such that Tr(α) = α +ᾱ and Nr(α) = αᾱ are respectively the reduced trace and reduced norm of α ∈ D. Let O F be the ring of integers of F , and O be an The purpose of this paper is to present two class number formulas of a similar form for two different double coset spaces as stated in the abstract. Given a set X ⊆ D, we write X 1 for the subset of elements with reduced norm 1, that is,
Under certain assumptions on O to be made clear later, we give explicit formulas in Corollary 3.4 and Theorem 3.8 respectively for the following two class numbers associated to O:
The first class number h 1 (O) can be interpreted as follows. Regard D as a 1dimensional right vector space over itself, equipped with the Hermitian form If D is indefinite (i.e. unramified at an infinite place of F ) rather than totally definite as we have assumed, then h 1 (O) = h sc (O) = 1 by the strong approximation theorem [31, Theorem 7.7.5] [42, Theorem III.4.3] . This is precisely the reason why we focus on the totally definite case. In Lemma 3.1, we show that both h 1 (O) and h sc (O) depend only on the spinor genus of O, hence the title of the present paper.
The proofs of both the formulas for h 1 (O) and h sc (O) rely on the spinor trace formula for optimal embeddings in Proposition 2.14, which is again a refinement of the classical trace formula for optimal embeddings [42, Theorem III.5.11 ]. Vignéras studied the spinor trace formula in its specialized form for Eichler orders in indefinite quaternion algebras in [42, Corollaire III.5.17] . However, it is pointed out by Chinburg and Friedman in [16, Remark 3.4 ] that there is a subtle phenomenon called "selectivity" that was overlooked by Vignéras, so her formula must be adjusted to account for the exceptional cases where selectivity does occur. See Voight [44, Theorem 31.1.7 and Corollary 31.1.10] for the corrected formula under the same assumption as Vignéras's. The work by Chinburg and Friedman has inspired a large amount of subsequent research on selectivity. Unfortunately, most of the discussions [5, 14, 16, 21, 29, 30, 44] assume the Eichler condition [39, Definition 34.3] (i.e. the quaternion algebra is assumed to be indefinite), which has to be avoided for applications to totally definite quaternion algebras. As explained by Arenas-Carmona [3] , a generalization to all quaternion algebras can be achieved by replacing "selectivity" with "spinor selectivity". Unluckily for us again, the emphasize of [3] is placed on (general) embeddings rather than optimal embeddings, rendering it not directly applicable to the present situation either.
For the above reasons we spend considerable amount of efforts on optimal spinor selectivity in Section 2.2. It should be mentioned that this section is largely expository, as most of the ideas are already present in the literature (with spinor selectivity by Arenas-Carmona [3] and optimal selectivity by Maclachlan [30] and Voight [44, Chapter 31] , for example). Our new contribution to this topic mostly includes verifying certain local condition for optimal embeddings in Lemma 2.10 for the case when the Eichler invariant of the order is equal to −1.
At the moment, the aforementioned local condition has been verified only for local orders with nonzero Eichler invariant (see Definition 2.9). As a result, the spinor trace formula, and in turn our formulas for h 1 (O) and h sc (O), hold only for O F -orders whose Eichler invariant is nonzero at every finite place of F . These already incorporate a large class of orders including Eichler orders of arbitrary level. Moreover, our formulas are readily extendable to other classes of orders as long as the local condition is satisfied.
This paper is organized as follows. Section 2 focuses on the optimal spinor selectivity for quaternion orders and the spinor trace formula as mentioned. Section 3 constitutes the core part of this paper, deriving the explicit formulas for h 1 (O) and h sc (O). Among these two formulas, the priority is given to h 1 (O) since it is the more challenging one. Indeed, the proof for the formula of h sc (O) follows from the same argument as that for the Eichler class number formula, so it is merely sketch toward the end of Section 3. To compute h 1 (O), we make use of the Selberg trace formula for compact quotient. Instead of calculating each orbital integral individually, we reorganize the terms and connect them with the spinor trace formula. In Section 4, we work out a comprehensive example by computing the class numbers h 1 (O) and h sc (O) for every maximal order O in the quaternion algebra D ∞1,∞2 over the quadratic real fields F = Q( √ p ), where p ∈ N is a prime number. When p ≡ 3 (mod 4), the class number formula for h 1 (O) is new (as far as we are aware), and the formula for h sc (O) recovers the proper class number formula of even definite quaternary quadratic forms of discriminant 4p within a fixed genus, which is first calculated by Ponomarev [38] , and reproduced by Chan and Peters [13, §3] using another method.
Optimal spinor selectivity
In this section, we explain the main result of the optimal spinor selectivity and derive the spinor trace formula for optimal embeddings. At the moment, there is no need to assume that the quaternion algebra D is totally definite, so F is an arbitrary number field, whose ring of integers is denoted by O F .
Let V(F ) be the set of all the places of F , and V ∞ (F ) (resp. V f (F )) be the subset of infinite (resp. finite) places. The set V f (F ) is naturally identified with the set of nonzero prime ideals of O F (i.e. the finite primes of F ). If p ∈ V f (F ) is a finite prime and M is a finite dimensional F -vector space or a finite O F -module, we write M p for the p-adic completion of M . In particular, F p is the p-adic completion of F , whose p-adic discrete valuation is denoted by ν p : F × p ։ Z. Let Z = lim ← − Z/nZ = p Z p be the profinite completion of Z. If X is a finitely generated Z-module or a finite dimensional Q-vector space, we set X = X ⊗ Z Z. For example, F is the ring of finite adeles of F , and O F = p∈V f (F ) O Fp . Let I F be the group of fractional ideals of F , which is a free abelian group generated by V f (F ). For each p ∈ V f (F ), we put N(p) := |O F /p| and extend it to a multiplicative function on I F .
We shall make frequent use of the "local-global" dictionary of O F -lattices [19, Proposition 4.21] . Let V be a finite dimensional F -vector space, and G be a closed algebraic subgroup of GL(V ). We write G( F ) for the group of finite adelic points of G [35, §5.1]. Let Λ ⊂ V be an O F -lattice (i.e. a finitely generated O F -submodule that spans V over F ). For any g = (g p ) ∈ G( F ), there exists a unique O F -lattice Λ ′ ⊂ V such that Λ ′ p = g p Λ p for every finite prime p, so we put gΛ := Λ ′ . There is no ambiguity on the symbol ∼, since it does not make sense to talk about two distinct O F -orders being in the same spinor class. Note that I ∼ I ′ implies that O l (I) ∼ O l (I ′ ), but the converse is not necessarily true. If I = xO for some x ∈ D × , then we put
where the last equality follows from the fact that
Clearly, D([I] sc ) depends only on the spinor class [I] sc . The set Cl(O, [I] sc ) may be described adelically as
where the last isomorphism is induced from the right multiplication of D([I] sc ) by x −1 . If we set O ′ := O l (I) = xOx −1 , then there is a bijection
Moreover, we have a canonical surjection
which is not injective in general. 
Once again, the group F × D \ F × / Nr(N ( O)) in (2.13) depends only on G , so it will be called the group of spinor genera in G and denoted by G sg (G ). Since Nr(N ( O)) is an open subgroup of F × containing ( F × ) 2 , the group G sg (G ) is a finite elementary 2-group [29, Proposition 3.5] .
It should be emphasized that the bijection SG(O) ≃ G sg (G ) in (2.13) depends on the choice of O. More canonically, the set of spinor genera G /∼ is a principal homogeneous space over G sg (G ). Indeed, for any a ∈ F × , we write [a] for its image in G sg (G ) and pick x ∈ D × such that Nr(x) = a. Then there is a natural group action of G sg (G ) on G /∼ as follows The other Υ : SCl(O) → SG(O) is defined in the same way, hence so is the notation. The Artin reciprocity map establishes an isomorphism
If K/F is an sub-extension of Σ G , then ([a], K/F ) ∈ Gal(K/F ) is well-defined and just the restriction of ([a], Σ G /F ) to K/F . 
which is independent of n, so we put Next, we study the group G sg (n) := G sg (G n ) of spinor genera in G n and the spinor genus field Σ n := Σ Gn . According to [42, ,
Thus Σ n is the maximal abelian extension of F of exponent 2 that is unramified outside Ram ∞ (D) and splits completely at all of the following finite primes
In particular, Σ n is a subfield of the narrow Hilbert class field of F , and G sg (n) is a quotient of the narrow class group of F . If n = O F , then G n is the genus of maximal orders in D, and Σ n is the field "K(B)" studied in [16, p. 39] . In general, Σ n is the field "K(B)" studied in [21, p. 212] , and a special case of the field "K(R)" in [16, p. 34] or [30, (5) , p. 2855].
2.2.
Optimal spinor selectivity. Throughout this section, we assume that K/F is a quadratic field extension that is 
is the Eichler symbol [42, p. 94 ]. More explicitly, if p|f(B), then B p = 1, otherwise B p = K p , where K p is the Artin symbol, which takes value 1, 0, −1 according to whether p is split, ramified or inert in the extension K/F . Moreover,
We return to the general case where G is an arbitrary genus of O F -orders. There is a well known trace formula [ 
where the product is well-defined since m p (B) = 1 for all but finitely many p thanks to (2.26) . It follows from (2.28) that
We define the symbol Definition 2.5. We say B is optimally spinor selective (or selective for short) for the genus
To give a preliminary criterion for when a spinor genus is selected by B, we introduce some more notation. For each F -embedding ϕ : K ֒→ D, consider the following sets
When ϕ is fixed and clear from the context, we often drop it from the notation and
Without lose of generality, we assume m p (B) = 0 for every p ∈ V f (F ) so that there exists O ∈ G with Emb(B, O) = ∅. Fix such an O and an optimal embedding ϕ ∈ Emb(B, O). For simplicity, we identify K with its image ϕ(K) ⊂ D. Clearly,
The following lemma is a special case of [3, Lemma 3.1] (see also [23, Lemma 2.3] ), except that one needs to replace "G-representations" by "optimal G-representations" and change the definition of the set "X Λ|M " there accordingly.
, so we take a = Nr(x). By the Skolem-Noether theorem, we get
Proof. Similar to F × D , we define F × K to be the subgroup of F × consisting of the elements that are positive at each infinite place of F that is ramified in K/F . The assumption that K is F -embeddable into D implies that
It follows that there is a chain of inclusions called the selectivity sandwich by Voight:
The first two terms of (2.37) correspond via the class field theory to K and K ∩ Σ G respectively. In particular, we have
, it is a union of cosets of the latter group, which has index at most 2 in F × . Thus F × D Nr( E) itself must be a subgroup of F × of index less or equal to 2.
Similarly, for each p ∈ V f (F ), the local class field theory implies that the reduced norm of E p := E p (ϕ, B, O) is a subgroup of F × p of index at most 2 thanks to the following chain of groups
. In particular, (2.40) holds for all but finitely many p ∈ V f (F ). We also note that the groups Nr(K × p ) Nr(N (O p )) and Nr(E p ) depend only on the genus G and not on the choice of O (as long as we take a local optimal embedding ϕ ∈ Emb(B p , O p ) in (2.33)).
In light of (2.38) and Lemma 2.6, we see that
and only if both of the following conditions hold:
(i) F × K = F × D , or equivalently by weak approximation, K and D are ramified at exactly the same (possibly empty) set of real places of F ;
Conversely, suppose that K ⊆ Σ G , so the the first inclusion in (2.37) becomes an equality. By definition, Σ G splits completely at all the real places of F that are unramified in D, and hence (i) necessarily holds. It follows from
automatically. On the other hand, according to the local-global compatibility of class field theory [41, §6] , for each p with (K/p) = 1, there is a commutative diagram
. Therefore, condition (ii) is necessary as well. As mentioned above, B is selective for the genus G only if K ⊆ Σ G . For the moment, suppose that this is the case so in particular 
Proof. Indeed, if e p (O) = 1 or 2, then O p is an Eichler order, and the equality (2.45) is a result of Voight [43] . Thus we focus on the case e p (O) = −1.
Without lose of generality, we assume that K p is a field extension of F p , otherwise Nr(K × p ) = F × p , and the equality follows trivially from (2.39). By [9, Proposition 3.1], O p is a Bass order. Let L p /F p be the unique unramified quadratic field extension. It is shown in [11, Proposition 1.12 
Thus if K p /F p is ramified, then Nr(K × p ) Nr(N (O p )) = F × p and the equality is trivial again.
Let
such that ν p (Nr(u)) is odd by [11, Theorem 2.2] . It follows that Nr(N (O p )) = F × p in this case and equality is trivial once more.
Lastly, assume that K p = L p and D p splits over F p . In this case, Nr(N (O p )) = Nr(K × p ) by [ 
It has already been shown that Nr(K × p ) = Nr(E ′′ p ), and the lemma is proved.
Recall that the groups Nr(K × p ) Nr(N (O p )) and Nr(E p ) depend only on the genus G . In the next theorem, we no longer keep O fixed with Emb(B, O) = ∅. The current optimal spinor selectivity theorem may be stated as follows.
be the following finite (possibly empty) set of places:
Then B is optimally spinor selective for G if and only if 
This criterion is just the usual one in the literature (e.g. [16, p. 34] ), but now stated for optimal spinor selectivity. Since exactly half of the elements of Gal(Σ G /F ) restrict trivially on K and SG(O) ≃ Gal(Σ G /F ), exactly half of the spinor genera in SG(O) are selected by B. Here SG(O) is identified with the group G sg (G ) as in (2.13).
To
Taking the difference between these two equalities, we obtain (2.48 (a) the extension K/F and the algebra D are unramified at every p ∈ V f (F ) and ramify at exactly the same (possibly empty) set of infinite places; (b) if p is a finite prime of F with ν p (n) ≡ 1 (mod 2), then p splits in K.
Since K is assumed to be F -embeddable into D, we have K p = 1 for every p ∈ Ram f (D), but Σ n splits completely at every p ∈ Ram f (D), so the inclusion K ⊆ Σ n implies that Ram f (D) = ∅. The remaining parts follow from Lemma 2.8 and the description of Σ n in Example 2.3.
Suppose further that n is square-free and K ⊆ Σ n . Then K p = 1 for every p|n. The general case for arbitrary O ′ , O ∈ G n follows from the special case as in the proof of Theorem 2.11.
We give a brief (and far from complete) historical account of the research on selectivity. Chevalley [15] initiated the study of selectivity questions for a central simple algebra D over a number field F . When D is the matrix algebra M n (F ), and K is a maximal subfield of D, he gave a formula in terms of the Hilbert class field of F for the precise ratio of the types of maximal orders of D containing an isomorphic copy of O K to the total number of types of maximal orders. The interest in selectivity is rekindled by the influential paper of Chinburg and Friedman [16] , who studied selectivity for maximal orders in quatenion algebras. Their work inspired a series of generalization by Guo and Qin [21] , Maclachlan [30] , Linowitz [29] , Arenas-Carmona [3, 4, 5] , Arenas et al. [2] , and the list is too extensive to exhaust here. In a different setting, the spinor class (genus) field is introduced by Estes and Hsia [20] and used to study representations of spinor genera of quadratic lattices by many authors: Hisa, Shao and Xu [23] , Hisa [22] , Chan and Xu [14] , Xu [47] , etc. These two lines of investigation merge on the selectivity questions, as explained in [3] .
2.3. The spinor trace formula. Let D be a quaternion F -algebra as before, G be a genus of O F -orders in D, and O be a member of G . Suppose that K/F is a quadratic field extension that is F -embeddable into D, and B is an O F -order in K.
Recall the the trace formula (2.50) 
We leave it as an exercise to show that if O ′ ∼ O, then (2.53)
Let us reformulate the summation in (2.51) adelically. Fix an embedding ϕ : K ֒→ D and identify K with its image in D as before. We put Proof. The lemma can be obtained by the same method as in the proof of [42, Theorem III.5.11] . We provide a brief sketch for the convenience of the reader.
Let {g 1 , · · · , g r } ⊂ D × be a complete set of representatives of the double coset space
On the other hand, consider the map Φ :
It is straightforward to check by definition that Φ is a well-defined bijection, and the lemma follows. Now we are ready to prove the spinor trace formula. Proposition 2.14. Suppose that one of the following conditions holds: 
where s(G , K) takes the value 1 or 0 depending on whether K ⊆ Σ G or not.
Remark 2.15. The only case for which the assumptions of this proposition fail is when Fix an optimal embedding ϕ ∈ Emb(B, O) and identify K with ϕ(K) ⊆ D as before. The assumptions of the proposition guarantee that ( E(B, O) ).
Indeed, if K ∩ Σ G = F , then both sides are equal to F × as shown in (2.42 ). If B is selective for G , then both sides are equal to F × K Nr( K × ). Write J = zO for some z ∈ D × . Then O l (J) = zOz −1 . By Lemma 2.6, the assumption ∆(B, O l (J)) = 1 implies that Nr(z) ∈ F × D Nr ( E(B, O) ). Thanks to (2.61), there exist
such that yz = ku. Thus we have
Plugging in (2.54), we obtain
It follows from Lemma 2.13 that (2.60) holds for J ′ = O. The proposition is proved.
The spinor class number formulas
We keep the notation and assumptions of the previous section. Suppose further that F is a totally real number field, and D is a totally definite quaternion Falgebra. Let O be an O F -order in D. The goal of this section is to obtain class number formulas for
In fact, the majority of this section is devoted to the computation of h 1 (O), which is much more involved than that of h sc (O). The proof of the formula for h sc (O) follows exactly the same line of argument as that for the Eichler class number formula, so it is postponed toward the end of this section. First, we observe that both h 1 (O) and h sc (O) are constant on each spinor genus of O F -orders. 
Since D 1 (resp. D 1 ) is normal in D × (resp. D × ), conjugation by α induces a bijection 
Proof. A straightforward calculation shows that
.
On the other hand, h [18, Lemma 11.6] . Plugging this into (3.4), we obtain (3.3) by observing that (O × F,+ ∩ Nr( O × )) ⊇ O ×2 F . Since D is totally definite, for any noncentral element γ ∈ D, the field extension F (γ)/F is a CM-extension (i.e. a totally imaginary quadratic extension). For simplicity, an O F -order B in a CM-extension K/F is called a CM O F -order. Let µ(B) be the group of roots of unity in B. We put (3.5)
where two CM O F -orders are regarded as the same if they are O F -isomorphic. Note that B 1 is a subset of the finite set B studied in [28, §3] . In particular, B 1 itself is a finite set, which can also be seen as follows. Let B be a member of B 1 with fraction field K. For any γ ∈ µ(B) {±1}, the minimal polynomial of γ over F is of the form T 
b , which implies that B 1 is a finite set. In fact, the fiber of the canonical map Next, we recall that concept of mass following the exposition in [51, §2] . Let G 1 be the semisimple algebraic Q-group that represents the functor
for any commutative Q-algebra R. Thus 
Thanks to [ 
The first step of the proof of Theorem 3.3 is to apply the Selberg trace formula for compact quotient. We refer to [6, §1] and [34, §5] for brief introductions. Let H be a locally compact totally disconnected topological group (a group of td-type as in [12, §1] ). We further assume that H is unimodular with a Haar measure dx, normalized so that Vol(U ) = 1 for a fixed open compact subgroup U ⊆ H as in (3.11) . If H 1 is a unimodular closed subgroup of H with Haar measure dy, then by an abuse of notation, we still write dx for the induced right H-invariant measure [33, Corollary 4, §III.4] on the homogeneous space H 1 \H, which is characterized by the following integration formula
Here For any γ ∈ Γ and any subset Ω in H, we write Ω γ for the centralizer of γ in Ω. Let {γ} be the Γ-conjugacy class of γ ∈ Γ, and {Γ} be the set of all conjugacy classes of Γ. Applying the Selberg trace formula [6, p. 9 ] to f = ½ U , we obtain
Here each Γ γ is equipped with the counting measure, and dx is the induced right H-invariant measure on Γ γ \H as in (3.21) . It is well known that the right hand side of (3.28) is a finite sum; see [52, Proposition 8.1] . Applying (3.27) and (3.28) in the case that which forms a single D × -conjugacy class in D 1 . Given γ ∈ Γ(b), the F -embedding
which implies that
Grouping all those Γ-conjugacy classes {γ} with the same minimal polynomial together in the right hand side of (3.28), we obtain
Note that the right hand side of this equality depends only on (the isomorphism class of) B and not on b ∈ T . Thus Theorem 3.3 follows directly from Proposition 3.5 and the remark around (3.9).
To prove this proposition, we study a new set of groups (3.39)
Once again, H is a unimodular group of td-type, and we normalize the Haar measure on H such that Vol(U ) = 1. By [42, Theorem 
where the intersection is taken within D × . Then C is a compact subgroup of D 1 , and the image of D 1 in H is canonically isomorphic to D 1 /C. 
Proof. Since the quotient D × / D 1 ≃ F × is abelian, any subgroup of H containing D 1 /C is normal, and the reduced norm map induces an isomorphism (3.43) 
We normalize the Haar measure on H 1 such that Vol(U 1 ) = 1. From (3.24),
Let us fix γ 0 ∈ Γ(b) and put K 0 := K γ0 = F (γ 0 ). There is a bijection
On the other hand, the reduced norm map induces a bijection (3.47)
Piecing together the above bijections, we obtain
According to Lemma 3.6, we have
Proof of Proposition 3.5. We start from the right hand side of (3.38) and make a series of reductions to eventually arrive at the left. Fix γ 0 ∈ Γ(b) as above and put ϕ 0 := ϕ γ0 as defined in (3.33) . According to Lemma 2.13, (3.50)
where as defined in (2.54),
and equip it with the counting measure. Let y 1 , · · · , y r ∈ D × D 1 be a complete set of representatives for the double coset space in (3.50) so that
Thanks to (3.24), we have
for each 1 ≤ i ≤ r. It follows that On the other hand, we apply (3.25) and (3.44) to obtain
Summing both sides over all 1 ≤ i ≤ r, we get
(3.56)
Let {α j } j∈A be a complete set of representatives for
is regarded as an index set. Then set {γ j := α −1 j γ 0 α j | j ∈ A} forms a complete set of representatives for {Γ(b)}. According to (3.49), we have
It follows from (2.34) and (3.57) that 
).
(3.60)
A similar proof as that of Lemma 3.6 shows that
, which is also measure preserving once the Haar measure on K 1 γ C is normalized so that Vol(C) = 1. Indeed, the canonical images of O 1 on both sides have the same volume. Thus
. Combining the above calculations with (3.59), we obtain (3.38) and the proposition is proved. .
Write J = xO for some x ∈ D × , and keep the notation of the set of groups in (3.39) . By [48, Lemma 5.1.1], we have Mass(O) = Vol(Ω\H), and the same proof shows that We conclude that Let B be the set of CM O F -orders B with w(B) > 1, which is again finite set by [28, §3] (see also [48, §3.3] and [34, footnote, p. 91]). Clearly, B contains B 1 as a subset. 
where K is the field of fractions of B, s(G , K) is defined in Proposition 2.14, and ∆(B, O) in (2.30) . Here B 1 denotes the set of CM O F -orders with |µ(B)| > 2 as defined in (3.5) , so in particular |µ(K)| > 2. According to [28, (4.4) ] or [49, §2.8 
. The primes p ∈ {2, 3, 5} will be handled separately. For simplicity, we put
Recall that F × + denotes the group of totally positive elements of F × , and O × F, 
The narrow class group of F is denoted by Pic + (O F ), and narrow ideal class of a fractional ideal a ∈ I F is denoted by [a] + . Let Σ := Σ G be the spinor genus field of G as defined in Definition 2.2. The Galois group Gal(Σ/F ) is isomorphic (via the Artin reciprocity map) to the group of spinor genera Pic
It is well known [17, Theorem 14.34 ] that the Gauss genus group of F has order 2 t−1 , where t is the number of finite primes ramified in F/Q, so in our case (4.5)
If p ≡ 3 (mod 4), then there are two distinct spinor genera of maximal O F -orders, and Σ is a quadratic extension of F . In this case, K 1 = F ( √ −1 ) is a CM-extension of F unramified at all the finite places, so we have
by the description of Σ in Example 2.3.
To distinguish the two distinct spinor genera of maximal orders when p ≡ 3 (mod 4), we make use of D p,∞ = −1,−p Q , the unique quaternion Q-algebra ramified exactly at p and ∞. Since the theory is interesting in its own right, we keep the prime p ∈ N arbitrary for the moment. Clearly, D = D p,∞ ⊗ Q F . Moreover, the maximal orders of D p,∞ and D are related by the following lemma: in the sense of [37, §1] . It is shown in [37, Corollary, §2, p. 130] that when p ≡ 1 (mod 4), the map M establishes a one-to-one correspondence between the maximal orders of D p,∞ and the symmetric maximal orders of D. The proof hinges on the fact that p is the only prime ramified in F , so it applies to the case p = 2 as well. For each p ≡ 3 (mod 4), we exhibit a symmetric maximal order O 24 ⊂ D in (4.23) with O 24 ∩ D p,∞ non-maximal, so the cited corollary is not directly extendable to any prime p ≡ 3 (mod 4).
Let Tp(D) be the set of types of maximal O F -orders in D, and define Tp(D p,∞ ) similarly. From Lemma 4.1, there is a well-defined map: If p = 2, then |Tp(D p,∞ )| = |Tp(D)| = 1. When p ≡ 1 (mod 4), the map M in (4.7) is studied in detail by Ponomarev [37] , and it is shown that
• M is one-to-one on the subset of Tp(D p,∞ ) consisting of those conjugacy classes Ó where Ó does not have a principal two-sided prime ideal above p, and M is at most two-to-one on the complement;
Here for each non-square d ∈ Z, we write h(d) for the class number of the quadratic field Q( √ d ). However, we have a different purpose in mind for the map M. We claim that all members of img(M) belong to the same spinor genus. Indeed, for two maximal Z-orders Ó and Ó ′ in D p,∞ , there exists an x ∈ D × p,∞ such that Ó ′ = xÓx −1 . The uniqueness in Lemma 4.1 implies that
We have Nr(x ⊗ 1) = Nr(x) ∈ Q × , which projects trivially into G sg . Therefore, M(Ó) ∼ M(Ó ′ ), and the claim is verified. To write down these orders explicitly, we adopt the following convention. If L is a field with char(L) = 2, and A = a,b L is a quaternion L-algebra for some a, b ∈ L × , then {1, i, j, k} denotes the standard L-basis of A subjected to the following multiplication rules: 
The conjugation σ ∈ Gal(F/Q) extends to a Q-linear automorphism of D as follows (4.15) σ : 
where we again put a subscript p on i to emphasize that i 2 p = −p. Indeed, this is just the maximal Z-order O(3, −1) in the notation of [24, p. 182] . One immediately checks that Ó 3 ⊗ Z O F ⊂ O 6 , and hence O 6 = M(Ó 3 ). Therefore, O 6 always belongs to the principal spinor genus when p ≡ 11 (mod 12).
4.3.
The class number h sc (O) and the spinor type numbers. We return to the assumption that p ∈ N is an arbitrary prime. There is a close relation between the class h sc (O) and the spinor type number as follows. Proof. Adelically, this map is given by the canonical projection
Since D = D ∞1,∞2 splits at all the finite places and O is maximal, we have N ( O) = F × O × . Thus to show the map in (4.29) is bijective, it is enough to show that (4.30)
According to [18, Corollary 18.4] , h(p) = h(F ) is odd, so F × Indeed, if p ≡ 1 (mod 4) and p ≥ 13, then the equality follows from the remark below (4.9). If p = 2 or 5, then |Tp(D)| = 1, and (4.31) follows from the explicit calculations in Section 4.1.
Next, if p = 3, then each spinor genus contains exactly one type of maximal orders as pointed out in the proof of Proposition 4.4. Thus h sc (O) = 1 for every maximal order O ⊂ D when p = 3.
Last, assume that p ≡ 3 (mod 4) and p ≥ 7. It is known [ Lemma 4.7 provides the means to compute the spinor type numbers |Tp 0 (D)| and |Tp 1 (D)|. A priori, these numbers, when interpreted in terms of proper class numbers of even definite quaternary quadratic forms of discriminant 4p within a fixed genus, are calculated by Ponomarev [38] and by Chan and Peters [13, §3] using another method. We write down their results and provide our own proof using the class number formula for h sc (O). The remaining required numerical invariants associated to each B = O K2 have already been listed in the previous subsection. Plugging the above data into (3.68), we obtain the class number formulas for |Cl sc (O)| and |Cl sc (O ′ )|. By Lemma 4.7, these are precisely the desired type numbers |Tp 0 (D)| and |Tp 1 (D)|.
